Transformers
(Part A)

Ideal Transformers
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Introduction to Ideal Transformers
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An ideal transformer is a two-port device that receives an AC
voltage, E ,, at one magnitude and transforms it into a new AC
voltage, E , at a different magnitude.

The port (side) to which the voltage is applied is called the
“primary” side and the port (side) at which the transformed
voltage appears is called the “secondary” side.

Primary Side Secondary Side
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Ratio of Voltages

The turns-ratio of the transformer, a, defines the ratio of the two
voltage magnitudes:

Note that an ideal transformer does not change the phase angle
of the voltage; it only transforms the magnitude.

Vsource E,,( Transformer

Ratio of Currents

Since P;, must equal P,,, for an ideal (lossless) transformer, the
magnitudes of the primary and secondary currents flowing
into and out of the transformer must have an inverse ratio

compared to the voltages:

Veource Ep( Transformer




Underlying Theory

An ideal transformer’s theoretical operation is based on the
electro-magnetic interactions that occur between two coils that
are coupled together by a magnetic core.

Thus, the analysis of its theoretical operation will begin with the
analysis of a simple, AC-supplied magnetic circuit.

Transformer D s Zioad

Simple AC-Supplied Magnetic Circuit

If an AC source is connected to a coil, a magnetic flux, @, , will
be created by that coil, the value of which may be determined
from the following relationship :

v(t)=E »=N, % (Faraday’s Law)

where NV, is the number of turns of the primary (sourced) coil.

Ideal Transformer




Simple AC-Supplied Magnetic Circuit
Thus, given the voltage:
v(t)= x/E-V-cos(a)-t)

the magnetic flux can be solved as:

_ 1 Ideal Transformer
@, (f)= N j (t)dt

=L-J.\/5-V-cos(a)-t)dt
NP

21—V in(@-t)=+2-®-sin(@-1)
o N
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Simple AC-Supplied Magnetic Circuit

The resultant flux:

®,()=2 - sin(w-1)

may be rewritten as:

Ideal Transformer

@, (t)=2-®-cos(w-f—90°)

since sine is equivalent to cosine that is phase-shifted by —90°.




Simple AC-Supplied Magnetic Circuit

Thus, the sinusoidally-supplied coil
will induce a sinusoidally-varying
flux that out of phase from the
voltage by —90°:

v(£)=~2 -V -cos(@- 1)
U

| 4
o-N
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Ideal Transformer

@, (t)=+2- -cos(@- 1 —90°)

Simple AC-Supplied Magnetic Circuit

If the core has finite permeability, u,
then a magnetization current, i,,,
will be drawn into the coil from
the source, as defined by the
relationship:

Ideal Transformer

N,-i,()=®, ()R

where R is the reluctance of the Reluctanceof | o l
simple, unirorm -_—
field path (core). magnetic core H-A




Simple AC-Supplied Magnetic Circuit

Additionally, if the core material is
linear (u,= constant), then the
magnetization current will be
proportional to the flux:

. R
l, (t) = (I)M(t)'N_ Ideal Transformer

p

Note —i,,(¢) is not the primary current that was defined within the initial
introduction to “ideal transformers”. Instead, i,,(¢) is a non-ideal
(loss) component that occurs within a transformer due to a finite core
permeability.

Simple AC-Supplied Magnetic Circuit

If the solution for flux, ®,,, is
substituted into the current
equation, then the magnetization
current, i,,, can be expressed in

terms of the original source
voltage’s parameters:

Ideal Transformer

i ()=~2- V'mz-cos(a)-t—90°)
a-N

p




Simple AC-Supplied Magnetic Circuit
The resultant magnetization current:

i (t)=+2- V-

()]

>+ cos(w-t—90°)

p

can be rewritten as:

i (=42

V Ideal Transformer

-cos(@-t—90°)
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Simple AC-Supplied Magnetic Circuit

If we define a new variable, L, such
that:

L=—2"
R

we can substitute L into the
expression for current:

Ideal Transformer

im(t)=ﬁ-L.cos(w-t—90°)
@-L




Simple AC-Supplied Magnetic Circuit

Looking at the overall response of an
AC-supplied coil wrapped around a
finite-permeability core;

i ()=+2-1,,-cos(w-t-90°)

the resultant current is out of phase ideal Transformer
with the supply voltage by —90°.

Additionally, the voltage and current magnitudes have the
proportionality relationship: %

I, =—0

o-L

Simple AC-Supplied Magnetic Circuit
If the magnetization current:

V2 II,/ -cos(@-t—90°)

L, (t)=

a

is compared to the flux formed by
the coil:

Ideal Transformer
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Simple AC-Supplied Magnetic Circuit

It can be determined that:

dd, (1) L di,(t)
d N dt

p

This result may be substituted into
the Faraday’s Law equation to ideal Transformer
provide the relationship:

do,, (1)

dt
di, (1)
Cdr

v(t)=Np-

=L

Simple AC-Supplied Magnetic Circuit

Thus, an AC-supplied coil that is
wrapped around a finite-permeability
magnetic core will function as an
inductor, whose voltage-current
relationship is defined by:

diM (t) Ideal Transformer
dt

and whose inductance is a function of the number of turns in
the coil, N, and the reluctance of the field-path, R:

v(t)=1L-

L=""
R




Simple AC-Supplied Magnetic Circuit

Note — if the core is assumed to be
infinitely-permeable (x> «),

then the reluctance of the core

will be zero (R>0), ,_ 1
u-A
. . Ideal Transformer
and the inductance will be
infinite (L > ). LN
TR

. . No magnetization
Thus, the coil will draw zero % current is required to

P . create a flux within an
magnetizing current (i, 0).

infinitely-permeable
magnetic core.
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Mutually Linked Coils

Given the previously defined magnetic circuit...

'-
(P =t )
... ( 4=
=1
=00

What would happen if a second coil is coupled to (wrapped around)
the magnetic core?
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Ideal Transformer
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Mutually Linked Coils

If the magnetic core is assumed to be ideal, then the total flux
created by the sourced coil will pass through the second coil.

Since a time-varying flux passes through the second coil, a voltage
will be induced across that coil, also defined by:

An ideal magnetic core
is both lossless and
infinitely-permeable.

Ideal Transformer

Mutually Linked Coils

If the total flux passes through both coils, then the rate of change

of the flux, dq;:’) , passing through the coils must be the same.

do(t) in

The following relationship may be derived by solving for
both coils and equating the results:

Ideal Transformer




Voltage Relationship

The relationship between the two coil voltages is typically
expressed as a ratio of the voltages, which equals to the ratio
of their respective number of turns.

(I.e. — the “turns ratio” of the transformer).

Ideal Transformer
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Turns-Ratio

The ratio relationship, referred to as the turns ratio (a):

a=2 e

E, N

N N

defines the basic operation of an ideal transformer in terms of
the primary and secondary voltages.

Ideal Transformer
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Polarity Relationship & Lenz’s Law

Note — the polarity of the voltage induced across the second coil
is based upon both the direction of the flux within the core
and the direction that the coil is wrapped around the core.

The correct polarity relationship can be determined by applying
Lenz’s Law, which states:

“Any induced effect will always oppose its source.”

Ideal Transformer

Determining the Polarity Relationship

If a load is connected to the second winding, then a secondary
current I, will flow out of the secondary winding and through
the load due to the induced voltage.

Based on Lenz’s Law, the polarity of the voltage must be such
that the resultant coil-current will create a counter-flux in the
core that opposes the original flux.

Ideal Transformer




Secondary Current Effects

But, the existence of a counter-flux produced by the current that is
flowing in the second coil would tend to decrease the overall
flux within the magnetic core, in-turn decreasing the total flux
passing through the primary coil.

Dy, =P, — Dy

Ideal Transformer

Secondary Current Effects

Assuming that the source is ideal, this presents a problem because
Faraday’s Law does not allow for a change in the flux passing
through the primary coil unless the supply voltage itself
changes accordingly.
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Ideal Transformer




Secondary Current Effects

Thus, the existence of the secondary current’s counter-flux, @,
requires that a primary current, Tp , be drawn into the primary
winding that will create an additional flux component, @,
within the core that is equal in magnitude but opposite in
direction compared to the secondary flux @,.

Ideal Transformer

Primary Current

Since the primary and secondary fluxes are equal in magnitude but
opposite in direction, they will cancel, leaving the net flux in the
core the same as defined by Faraday’s Law applied to the
primary winding:

Ideal Transformer




Primary/Secondary Current Ratio

Based on the MMF relationship applied to both coils:
N-i(t)=D(t)-R
the ratio of the primary and secondary currents must be:

L 1
I a

N

in order for their fluxes to cancel.

Ideal Transformer

Overall Operation of Ideal Transformer

Thus, the overall operation of the ideal transformer that supplies

.“‘ a single load can be defined by the following set of equations:
i E, 7 ~
.‘. turns ratio a = —= a=-" r__ Ts — E,
Y Ns Es Is a Zload

Ideal Transformer




Ideal Transformer Equivalent Circuit

The following equivalent circuit will be used to represent an
ideal transformer:

Ip Ny N Is
o O
- Ep Es
n
N E 1
a=—2, L =a L == a = turns ratio
N E I, a

Ideal Transformer Definitions

Primary Winding = the winding that creates the mutually-linked
flux (I.e. — the sourced winding).

Secondary Winding = the winding across which a voltage is
induced (I.e. — the load winding).

Note — the primary & secondary winding designations can also be defined in terms of
power flow direction (I.e. — power into primary and power out of secondary)

Ideal Transformer
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Ideal Transformer Definitions

High-Voltage Winding = the winding with the larger voltage magnitude.
(I.e. — the coil with the larger number of turns)

Low-Voltage Winding = the winding with the smaller voltage magnitude.

(I.e. — the coil with the smaller number of turns)

Note — the high-voltage winding will have the larger number of turns while the
low-voltage winding will have the smaller number of turns.

lp Np © Ns Is

V Ep Es Z load

ssssss

Ideal Transformer

Ideal Transformer Definitions

Step-Up Transformer = a transformer whose voltage increases
from primary to secondary winding.

Step-Down Transformer = a transformer whose voltage decreases
from primary to secondary winding.

Notes: A step-up transformer’s turns ratio will be less than one (a <1).

A step-down transformer’s turns ratio will be greater than one (a > 1).

E, N,
V Ep Es Zioad a= -

ssssss N
N

n

Ideal Transformer
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Polarity Relationship

The polarity relationship between the primary and secondary
voltages depends on the direction that the coils are wrapped
around the magnetic core.

The “Dot Convention” is often used to provide the polarity
relationship for a specific transformer.

Dots

Equivalent Circuit “Dot Convention”

“Dots” are often included with the equivalent circuit to define the
polarity relationship between the transformer windings.

1) An applied primary voltage whose voltage-rise points toward the
primary winding’s dot will induce a secondary voltage whose
voltage-rise points toward the secondary winding’s dot.

2) A primary current will flow into the dot side of its winding when a
secondary current flows out of the dot side of its winding.
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Turns-Ratio Consideration
It is important to note that the turns ratio, a, will change
depending on which of the two windings are utilized as the

primary winding.

1 .
=— a = turns ratio
a

as the primary winding.
Es Zoad (I.e. — a transformer’s operation
does not have a required

i ( . Either winding may be utilized
) direction of power flow)

Ideal Transformer

Turns-Ratio Consideration

For example — Given a transformer with a 200-turn winding and
a 500-turn winding:

The transformer will have a turns ratio a=0.4 if the Step-Up

200-turn winding is utilized as the primary, or Transformer

The transformer will have a turns ratio a=2.5 if the

Step-Down
500-turn winding is utilized as the primary. Transformer

T Np=200 N¢=500 7 T Np=500 Ng=200 T

Ip :)urns turns Is Ip :)urns turns Is

Vaoure Ep( )E Zioad Vaoure Ep( )E Zioad
200 500
H=W=0'4 n=m=2.5
Ideal Transformer Ideal Transformer
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Ideal Transformer Example Problem

Given a transformer that contains windings having 50-turns and 500-turns:

If a 200£0° volt source is connected across the S0-turn winding and
a 4Q load is connected across the 500-turn winding,

Determine:  * The load voltage,
* The load current,
* The real power consumed by the load,
* The source current, and
* The real power produced by the source.

1 I

200£0°(Y) Ep < | 40

Ne N

Ideal Transformer Example Problem

If a 200£0° volt source is connected across the 50-turn winding and
a 4Q load is connected across the 500-turn winding...

The turns-ratio for the transformer (as connected) is:

N, 50 1

N, 500 10

N

a=%o Ts

T
Ne N
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Ideal Transformer Example Problem

If a 200£0° volt source is connected across the S0-turn winding and
a 40 load is connected across the 500-turn winding...

Since the source is directly connected to the primary winding, the primary
voltage E p 18 equal to the source voltage, thus:

~

E,=200£0°

And, since the load is connected directly to the secondary winding, the load
voltage and current are equal to E and I respectively.

Tp a= %0 Ts
200.£0° (") Ep< | 40
Ne N

Ideal Transformer Example Problem

If a 200£0° volt source is connected across the 5S0-turn winding and
a 4Q load is connected across the 500-turn winding...

The secondary (load) voltage E can be determined from the equation:

~

E, 20020°
a

V,,=E =—f= =2,000£0° volts
10
Tp a= %0 Ts
200.£0° () Ep< | 40
Ne Ns
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Ideal Transformer Example Problem

If a 200£0° volt source is connected across the S0-turn winding and
a 40 load is connected across the 500-turn winding...

The resultant secondary (load) current I will be:

%2 o
I,.=1, = Viwa _ BOOOLO® _ 54 /90 amps
Zload
Tp a= %0 Ts
200.£0° (") Ep< | 40
Ne Ns

Ideal Transformer Example Problem

If a 200£0° volt source is connected across the 5S0-turn winding and
a 4Q load is connected across the 500-turn winding...

The complex power, §,,,,, consumed by the load will be:

~

Stoat =Voua  Inaa = (2,000£0°)-(500.£0°) =[1,000,000}+ jo
from which the load’s real power can be determined:

P,,, =1,000,000 watts <

a=%o Ts

T
Ne N
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Ideal Transformer Example Problem

If a 200£0° volt source is connected across the S0-turn winding and
a 40 load is connected across the 500-turn winding...

The primary (source) current Tp can be determined from the equation:

~

L uree = INp L0007 5,000£0° amps
a 1
10
Tp a= %0 Ts
200.£0° (") Ep< | 40Q
Ne N,

Ideal Transformer Example Problem

If a 200£0° volt source is connected across the 5S0-turn winding and
a 4Q load is connected across the 500-turn winding...

Finally, the complex power, S,,,,,.. , produced by the source will be:

Ssource = I7source ‘ Tstmrce = (200100). (5’000400) =:1’00()j’000 + jo

from which the source’s real power can be determined:

P =1,000,000 watts <«

source

a=%o Ts

T
Ne N
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Ideal Transformer Example Problem

Given a transformer that contains windings having 50 and 500 turns:

If a 200£0° volt source is connected across the S0-turn winding and
a 4Q load is connected across the 500-turn winding...

~

* Load Voltage: Vipad = 2,00020° volts
* Load Current: 1,,., =500£0° amps

* Load Real Power: P, =1,000,000 watts
* Source Current: I,,. =5,000£0°amps
* Source Real Power: P,...=1,000,000 watts

Tp a= %0 Ts
200£0°(Y) Ep < | 40
Ne N,

“Power System” Example Problem

A'load impedance Z,,,, = 0.1Q requires a supply voltage of 100.£0° volts.

oad —

Since the load is far from the actual voltage source, a long pair of wires are
used to connect the load to the source.

If the wires have an overall resistance of R . = 1€,

wire

Determine the required source voltage and the overall system efficiency.

\756:\4) [:]0.19
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“Power System” Example Problem

Aload impedance Z,,,, = 0.1Q requires a supply voltage of 100.£0° volts.

oad ~—

A long pair of wires are still used to connect the load to the source, but this
time ideal transformers are placed at both the source-end and the load-end

of the wires, the turns-ratios of which are % and g respectively.

If the wires have an overall resistance of R, . = 1€,

wire

Determine the required source voltage and the overall system efficiency.

|P1 le g Lpz Tsz
vs @ E)ESI Epz(g I 1
ar= Yo ax =109

“Power System” Example Problem

Tpl le g LpZ TSZ
\75 E>E51 Epz(g I 0.19
ar= Yo a» =1y
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Input Impedance

Given an ideal transformer with a source connected across the

primary winding and a load connected across the secondary
winding...

Determine the overall impedance “seen” by the source.
(I.e. — the input impedance of the ideal transformer)

Ny
&

Input Impedance

The input impedance of an ideal transformer may be defined as:
Z, =2t
mn I

P

If we substitute the following relations into the equation:

~ ~

E =a-E I,=1.1

s

=<t
©
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Input Impedance

Then the input impedance may be re-written as:

a-E E
Ztn = ~S = az : ~S
% : s IS
since E,and T equal the load voltage and current respectively
Es — VLoad —
T - 7 - ZLoad
s Load
Moee | T - N
>N, | a= N:
\7 @ EP E ZL d ?p:a
rP

Input Impedance

If expressed in terms of the load impedance, the input impedance of
the ideal transformer is:

— — 2
Zin_a T =a .ZLaad

the turns-ratio squared times the connected load impedance:

— 2 — 7
Zin =a ZLoad - ZLaad

-
=
=4

Yé
\4

=<t
fé\
\OJ
N T
VYV VVVVV VY,
=4
u-l-l-lZ
N
5
g
- mz‘ﬁz
I Z‘
Qo
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Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

ssssss

75Q
~ 40+j30Q
Ve 0 1200° EEE, Hzo 2] Vi
20-j20Q

Ideal Transforme

Assuming that the transformer is configured for step-down operation,

Determine:  * The source current,
* The load voltage,
* The complex power produced by the source, and
* The total complex power consumed by Z,, and Z,,.

Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

Touee Zx Iy
-

715Q
Vo @m €,
a

Since the transformer is configured for step-down operation, the primary
winding is the high-voltage winding and the secondary winding is
the low-voltage winding.

Thus, the operational turns-ratio of the transformer is:

_ VRated(Pri) = 120V = 2 5
VRalml (Sec) 4 8V




Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

louee Zx !
1
-

75Q
~ 40+j30Q
Ve (00 12020° EEE 2y Zu[] Ve <= Zseg[] Vi
20-j20Q 222-j7.03Q

Ideal Transformer

Since Z,, is connected in parallel with Z,,, the two impedances can be
replaced by a single equivalent impedance Z,,:

Zpoo = (4 (1 R _1—(222 7.03) 2
tea =\z, "Z,) ~\20—-j20 "a0+j30) ~ \“eETIn

Note that the voltage across Z;,, equals the original load voltage V.

Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

Since there is a 752 impedance connected in series between the source and
the primary winding, the primary voltage E, is a function of both the
source voltage and the source current:

Ep = Vsource = Isource * Zx

Because of this, the circuit cannot be easily analyzed in its current
configuration.




Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

Tource Zx 1 ~ I

sou P P

——{ 1 >- [ >

75Q
Vs Q) 120207 E3SE 2y [ Vi | & [Jaz.,-7.,
222-j7.03Q 138.5-j43.9Q

a=25

Ideal Transformer

Thus, to facilitate the analysis of the circuit, the ideal transformer and
load combination will initially be replaced by an overall equivalent
impedance that equals the input impedance seen looking into the
transformer’s primary terminals:

Zin=Zjeq= 0% Zjeq=2.5%(22.2-j7.03) = (138.5 - j43.9) 2

Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

| Zy T -~ | Zy

source

ource Ip
— s L i

Note that, when the transformer—load combination is replaced by their
equivalent impedance, the voltage across the impedance and the
current flowing through the impedance are equal to the primary
winding voltage and current respectively.

75Q 75Q
Vioure 6 12020° Ep E z Leq Vias Vsource 6" 12020° EP a’z Leg ZLell
22.2-j7.03Q 138.5-j43.9Q
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Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

l source Z X I Z
——{
750

) 120£0°

Ip
75Q
. L N !
& 210 = L1y Viuree @ 12020
1385-j43.90

- @

Now that the overall circuit has been simplified down to a relatively trivial
circuit, the unknown voltages and currents remaining in the simplified
circuit can be determined by applying basic circuit theory.

Additionally, once the remaining voltages and currents are determined, the
basic turns-ratio equations can be utilized in order to relate the primary-
side voltages and currents to the secondary-side quantities.

Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

) .
|a*z,,=2,,
138.5-(43.9Q

Since the circuit has been reduced-down to two series impedances, the
remaining voltages and currents can be determined as follows:

: Vsource _ 120207 ={0.5505211.6° amps =T, |
source| = (g + Z},y) 75+ (138.5—j43.9) L= ' PS=p

E, =1, Z},, = (0.5505,11.6°) - (138.5 — j43.9) =|80 — 6° volts
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Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

T, [1376211.6°

138.5-j43.9Q 22.2—-j7.03Q

]az'ZLeq=Zqu \Zuume(e\‘ 120£0° |80£-6°

Since E, and 1, in the reduced circuit equal E, and I, in the original circuit,
the secondary voltage E_ and secondary current / can be determined:

80,—6°

=5e—=[32£-6°volts| I,=a-T,=25-055052116° =[1.376.211.6° amps|

R |5

E, =

Note that the load voltage V,,,4 = E and the total load current I,,,4 = I

Ideal Transformer Example Problem

Given the following circuit that contains a 120V-48V ideal transformer:

bt

-

75Q
\an((u 120£0° 804 —6°

Now that the source and load voltages and currents are known, the source
and load complex powers can be determined:

Ssource = Vsource * Fource = (120£0°) - (0.55052—11.6°) = 66.12.—11.6° = 64.7 — j13.3

Stoad = Vioad * Tjpaq = (322—6°) - (1.3762—11.6°) = 44.042—17.6° = 42 — j13.3
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